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Abstract Ultracold atomic gases have developed into prime systems for experimental studies of Efi- 
mov three-body physics and related few-body phenomena, which occur in the universal regime of reso- 
nant interactions. In the last few years, many important breakthroughs have been achieved, confirming 
basic predictions of universal few-body theory and deepening our understanding of such systems. We 
review the basic ideas along with the fast experimental developments of the field, focussing on ultracold 
cesium gases as a well-investigated model system. Triatomic Efimov resonances, atom-dimer Efimov 
resonances, and related four-body resonances are discussed as central observables. We also present 
some new observations of such resonances, supporting and complementing the set of available data. 
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1 Introduction 

In the early seventies, the Russian theoretical physicist V. Efimov discovered a fundamental property of 
quantum three-body systems. He predicted that a system of three identical bosons with resonant pair- 
wise interaction features an infinite series of three-body bound states [l| . This surprising phenomenon 
can occur in a resonantly interacting three-body system regardless of the specific nature and the short- 
range details of the inter-particle forces. Despite its generality, the Efimov effect remained elusive to 
observations for a long time. Over the last forty years, experimental realizations of the Efimov effect 
have been proposed for a number of different systems belonging to nuclear, molecular, and atomic 
physics, such as triton compounds, halo nuclei, trimers of He atoms, and ultracold quantum gases. 
The variety of these systems represents very different energy regimes, ranging from MeV in nuclear 
physics to peV for ultracold atomic systems. 

After more than 35 years of intense searches an Efimov trimer state was finally observed in summer 
2005 in collisional studies on an ultracold gas of cesium atoms 0. Since then, an increasing number 
of experiments with ultracold gases showed clear evidence of the Efimov effect [!; 0; [H; 0; 0; H; H flOt 
lilt Il2l: 1 1 311 . confirming its general character and pointing towards related novel few-body phenomena 
[14c 1 15c 116] . The main observables in many of these experiments are Efimov resonances [13, which 
occur when an Efimov state couples to the collision threshold. 
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Here we review the basic features of Efimov physics in ultracold quantum gases. We discuss the 
experimental observations withparticular emphasis on our results on Cs, obtained in a series of exper- 
iments over the past five years [1; H; QJI; O ■ Section [5] introduces basic elements of two-body scattering 
theory and the concept of universality. Section[3] introduces Efimov's scenario and describes its im- 
pact on ultracold gases. Section [4] focuses on the experimental observations of Efimov resonances in 
ultracold cesium gases, while Section [5] discusses evidence obtained for four-body bound states tied to 
an Efimov trimer and presents new experimental observations on this subject. Section [5] discusses the 
observations on Efimov physics obtained in a variety of other ultracold systems. 



2 Two-body interaction and universality 

Here we summarize the most important concepts of two-body scattering physics in order to set the 
stage for the discussion on few-body phenomena. Sec. 12.11 introduces the scattering length, starting 
from the general case and then focusing on atomic systems and magnetic Feshbach resonances. In 
Sec. 12.21 we introduce the concept of two-body universality. In Sec. 12. 31 we describe the particular case 
of cesium atoms. The reader can refer to Ref. [20 ] for a complete review on scattering theory and to 
Ref. 21] for Feshbach resonances in ultracold gases. 



2.1 Basic scattering concepts 

Scattering length — The two-body scattering length is the essential quantity to characterize elastic 
collisions between particles at ultralow energies. The Schrodinger equation can be solved by superpo- 
sition of an incoming plane wave and of an outgoing scattered wave. In general the latter contains 
different partial wave contributions but at very low collisional energies E — > 0, zero orbital angular 
momentum collisions are predominant (s-wave collisions). At long distance the wavefunction of the 
system approaches its asymptotic form, while a fast oscillation is present in the range of the interac- 
tion potential. The phase shift (j> between the incoming and outgoing wave at long distances contains 
the relevant information on the collision. The phase <f> is generally a function of the momentum Tik of 
the colliding particles but, in the limit of zero energy, it can be expanded in powers of k 2 and related 
to the s-wave scattering length a through [22] 



where rg is the so-called effective range, which is determined from the long-range behavior of the 
potential. The term r$k 2 /2 represents the next term in the expansion of the phase shift for k 7^ 0. 
However, when the particle momentum is much smaller than h/rg, the effect of the interactions is 
indistinguishable from the one of a contact interaction [23J . 

In the case of atoms in the electronic ground state, the long-range potential has a — Cg/r 6 tail 
governed by van der Waals interaction as depicted in Fig.[T] The constant Cq is characteristic of the 
colliding atoms and its value can be numerically estimated from first principles [jij . The natural length 
scale associated with the van der Waals interaction is represented by the van der Waals length 



where m is the mass of the atom and h is the reduced Planck constant. This parameter determines a 
natural boundary between short- and long-range physics in atomic collisions. 

Feshbach resonances — The scattering length between two particles (atoms, nucleons, molecules) is 
fixed by the details of the interactions and can have both positive and negative values. The exceptional 
power of ultracold atomic gases is the tunability of a through magnetic Feshbach resonances [2l[ . When 
a molecular state in a different interatomic potential (the closed channel) has a different magnetic 
moment compared to the free atom pair (the entrance channel), the relative energy can be tuned to 
zero; see Fig. [I] If the bound state then couples to the atomic threshold (e.g. by exchange coupling, 
spin-dipole or high-order spin-orbit), a divergence of a is induced. The resonant behavior results in a 
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Fig. 1 Feshbach resonance phenomenon in ultracold collisions. Basic two channel model of a magnetically 
tunable Feshbach resonance is shown in the left-hand panel. Van der Waals interactions shape the long range 
potential and determine the boundary with the short-range physics. For ultracold collision with E — >• the 
energy shift 8E between the free atom pair and the bound state (upper dashed line), supported by a different 
potential, can be tuned to resonance. The last bound state (lower dashed line) in the entrance channel is 
instead responsible of the background scattering length. Right-hand panel shows the divergent behavior of the 
scattering length at the pole the resonance (a) and binding energy (b) close to a Feshbach resonance. Note the 
quadratic behavior of the bound state in vicinity of the resonance pole. 



large tunability of the scattering length from plus to minus infinity and in the case of a single isolated 
resonance, the dependence of the scattering length a on the applied magnetic field strength B can be 
parametrized in a convenient way as 

a(B) = a hg (l - ■ W 4b^) ' (3) 

where Bq and A are the pole and the width of the resonance, respectively, and <2b g is the background 
scattering length of the entrance channel (see Fig.[l}. 



2.2 Two-body universality 

The regime where the scattering length a between two particles exceeds by far any other length scale 
of the two-body potential, a 3> ro,i? v dWj is known as universal regime. The physics of the two-body 
system is then determined only by a and becomes independent on the details of the short-range 
potential. At large positive values of the scattering length, a shallow two-body bound state is present 
below the atomic threshold. This state is universal and shows halo character as the wavefunction 
extends far into the forbidden region with only a small fraction of the probability density in the 
interaction region (25j . The dimer size is of the order of a and the binding energy 

E b = — 2 (4) 

is quadratic in 1/a. Near the center of the Feshbach resonance this corresponds to a quadratic depen- 
dence on the magnetic detuning \B — Bq\, as clearly visible in the inset of Fig.QJb). 

Although Eq. Q holds for any isolated resonance, there is an important distinction between Fesh- 
bach resonances, which is based on the fraction of the width A over which universal behavior is present. 
This is commonly quantified by using the strength parameter s rcs , defined as (2lj j 

s Ies = ^-(5fiA), (5) 

where a — 0.956i? v( jw is defined as the mean scattering length of the van der Waals interaction [2(| 
(for cesium a = 95.6 qq) and S/i is the difference in magnetic moment between the closed and entrance 
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channel. Large values (s rcs 3> 1) characterize open-channel dominated resonances, where universal 
behavior is present for a large fraction of the resonance width. In this case, the scattering problem 
reduces to an effective single-channel problem with the spin character of the entrance-channel potential. 
Small values (s rea *C 1) define instead closed- channel dominated resonances. 

A useful quantity is the Feshbach resonance parameter R* = a/s ICS [22}, which describes the length 
scale over which the Feshbach coupling influences the effective range r^. On resonance (a — » ±oo) 
these two quantities are simply related by tq — — 2R* . For small dimer binding energies the quadratic 
dependence on I/a can be refined by introducing finite range corrections associated to a and R* [2l| . 

h 2 

b = m(a-a + R*y (6) 

In the limiting case of a — > oo, the energy relation for universal halo dimers is restored. The two 
possible terms of correction will be useful for the discussion on Efimov physics in Sec. 14.41 



2.3 Feshbach resonances in cesium 



Ultracold cesium gases feature unique scattering properties, which have made them a prime candidate 
to observe Efimov physics. The atomic state of interest is the lowest internal state \F = 3, nip = 3), 
where F and mp denote the quantum numbers for the hyperfine and magnetic state. Atoms in this state 
are immune against two-body inelastic decay, as there are no energetically open decay channels. The 
scattering properties of ultracold Cs have been subject to intense investigations for more than a decade. 
Feshbach spectroscopy [2l|, which is based on detecting resonances and investigating the underl ying 
near-threshold molecular structure, has been intensively pursued first at Stanford University [28l : l29j | 
and then by our group in Innsbruck [3(1 HJ . Together with elaborate models for the near-threshold 
molecular structure [Ht [HI; [3l[ a high level of understanding and accurate knowledge of the dependence 
of the scattering length on the magnetic field has been reached. 

Two main factors make the Cs scattering properties special and largely different from many other 
species. First, the open channel features an extremely large scattering length, associated with the ex- 
istence of a weakly-bound halo state. The corresponding background scattering length ab g ~ +2200 a 
exceeds the van der Waals radius i? v dw by more than a factor of 20, which according to Eq. (J5J) strongly 
supports the occurrence of resonances with a large strength parameter s res 3> 1 and thus with a large 
universal range. Moreover, higher-order relativistic Feshbach coupling effects are particularly strong 
for this heavy species, enhancing the coupling to molecular states with higher partial wave character. 
Therefore, the Feshbach resonance structure in Cs is particularly rich and a zoo of extremely broad, 
intermediate and very narrow Feshbach resonances is found. 

It is important to note that essentially all previous publications on Efimov physics in Cs published 
before 2011 relied on an a{B) conversion that was based on the early Stanford experimental data and a 
theoretical model by NIST researchers [28; 29]. This model is quite accurate for low magnetic fields up 
to about 100 G. Later our group largely extended the magnetic field range of Feshbach spectroscopy, 
and we performed additional measurements pinpointing zero crossings of the scattering length [33[ . In 
collaboration with theorists from NIST (P. S. Julienne) and the Univ. or Durham (J. M. Hutson) this 
has resulted in an extended and an improved a{B) conversion [3l|. We use the new a(B) conversion 
throughout this article. For features in the low-field region, this results in small deviations for the 
specified scattering lengths in comparison to the originally published values. 

On a coarse-grain level the s-wave scattering properties are dominated by three broad s-wave 
Feshbach resonances with poles near — 12 G, 549 G and 787 G [l9|; [2l|; [29|; |34[ . The three resonances are 
generated by three molecular potentials with different spin properties. The fact that they are open- 
channel dominated (s res exceeding one hundred) shows that they very well fulfill the conditions for 
universal behavior. Let us in the following discuss the different magnetic field regions where Efimov 
features have been observed in some more detail. 

The low magnetic field region (region / in Fig. [5]) has been subject of many investigations [351; [30l; |36| . 
The pole of the dominating Feshbach resonance is at —12.3 G and the zero crossing has been determined 
with high accuracy to 17.130(2) G by Bloch oscillation measurements (3(|[32|. The accessible range 
of scattering length is approximately between — 2500 ao (0G) and +1500 ao (100 G) and this large 
tunability has been the key point for the first observation of Efimov features in 2006 [2[ . 
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Fig. 2 Calculated magnetic field B dependence of the two-body s-wave scattering length a in the absolute 
ground state \F = 3, wlf = 3) in 133 Cs. (main panel) Overview of the s-wave scattering length in the accessible 
experimental region. Only contributions from molecular states with zero angular momentum are considered. 
(I-IV) Zoom in of the relevant magnetic field regions including s-, d- and g-wave bound states. (/) Feshbach 
resonance at —12.3 G gives rise to a strong variation of a(B) in the low magnetic field region. Several high order 
resonances sit both on positive and negative values of scattering length. (77) Four d-wave resonance deeply 
shape the region around 500 G, the broadest ones is centered at about 495 G. (Ill) The two overlapping s and g 
resonances near 550 G. (IV) The region between 800 G and 900 G is dominated by the broad s-wave resonance 
centered at 787.16 G and by the broad d-wave resonance at 820.37 G. Letters in the different panels refer to 
the orbital angular momenta of the narrow resonances. 



The region of magnetic field around 500 G (region II in Fig. [2]) is characterized by a cluster of four 
d-wave resonances. The widest one, centered at 495 G has a width of 4.5 G and has an open-channel 
dominated character, while the remaining three resonances are closed-channel dominated. 

The Feshbach scenario around 550 G (region III in Fig. [2]) shows two overlapping resonances, a 
broad s-wave and a narrow g- wave resonance. The presence of the wide s-wave resonance induces a 
negative background scattering length (— 1000 an) for the narrow g-wave resonance. This relative large 
background scattering length and the strong second-order spin-orbit coupling make this resonance a 
rare example of a broad g-w&ve resonance. Among the resonances presented here, this is the only one 
that is not closed-channel dominated and it represents a peculiar case as it resides on the shoulder of 
an open-channel dominated one 1 . 

In the magnetic field region between 700 G and 900 G (region IV in Fig. [2]) the Feshbach scenario 
features an extreme case of an open-channel dominated s-wave resonance with a width of 94 G 2 . The 
tunability of the scattering length is very large on both sides of the resonance and the universal regime 
extends over many Gauss. An important additional feature is a broad d-wave resonance near 820 G, 
which occurs at a very large and negative background scattering length of about — 4200 an. 



3 The Efimov effect 

The Efimov effect 1] is a fascinating and counterintuitive phenomenon occurring in a resonantly 
interacting three-body system. For extensive review on Efimov physics and related universal phenomena 

1 In this region of magnetic field, several i-wave resonances (neither plotted nor included in coupled-channel 
calculations) appear at the atomic threshold. The most relevant ones are at 557.45(3) G (A « 30 mG) and 
565.48(3) G (A « 40 mG). 

2 This resonance is an extreme case and has a larger s rcs than any other known resonance in Cs or any other 
system. 
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the reader may be referred to Refs. [25j;[23j]. Here we present the basic elements of Efimov's scenario 
and we discuss its particular impact on experiments with ultracold gases. 



3.1 The Efimov scenario 

Figure [3] illustrates the Efimov scenario, consisting of a geometric series of trimer states for large 
values of the scattering length a. The ladder of three-body bound states is plotted versus the inverse 
scattering length 1/a. Zero energy corresponds to the tri-atomic threshold, and for positive energy 
(E > 0) the system consists of three free atoms with nonzero kinetic energy. Below the tri-atomic 
threshold (E < 0), one can identify two different regions. For <z>0, the pair- wise potential supports a 
universal weakly-bound dimer state with binding energy given by Eq. Q . The corresponding threshold 
in the three-body picture is the atom-dimer threshold. The a<0 region is called the Borromean region, 
where counter-intuitively a series of three-body bound states can form although the two-body sub- 
systems are unbound. For a < the u-th trimer state crosses the tri-atomic threshold at a_ and for 

(n) 

a>0 the states merge with the atom-dimer threshold at a* , where n > is an integer number. With 
this convention, the Efimov state with largest binding energy is referred to as the first state and it is 
labelled with n = 0. While this state crosses the tri-atomic threshold at etf°\ within Efimov's window 
of universality 3 , it may leave this window at the a > side, therefore losing its Efimov character. In 
this case, the state may not adiabatically connect to the atom-dimer threshold and the feature at 
may be the first atom-dimer resonance. 

A remarkable property of the Efimov spectrum is the existence of a universal geometrical scaling 
law, governing the ladder of states. For three identical bosons, the geometrical factor is given by 
e 7r/so =22.7, with so = 1.00624. When increasing the length scale by a factor of 22.7, another Efimov 
state emerges at the tri-atomic threshold with a size 22.7 times larger. Furthermore, at a — > ±oo the 
binding energies scale with (22. 7) 2 ps 515. The scaling factor fixes the relative energy between the 
trimers, while the absolute energy and the position of the first Efimov trimer is determined by an 
additional parameter, which is known as the three-body parameter (3BP). The 3BP enters into the 
theoretical descriptions as a cut-off to set a limit to the Efimov energy spectrum from below and 
consequently fixes the position a_ of the first Efimov trimer state at the tri-atomic threshold; see 



3.2 Impact on ultracold gases 

The success of ultracold gases in studying Efimov physics relies onto two main points. First, the high 
degree of tunability of the scattering length via magnetic Feshbach resonances offers unique possibilities 
to manipulate the interparticle interaction essentially "on demand" and thus to reach the universal 
regime in a well-controlled way. Second, Efimov physics manifests itself in scattering properties in 
ultracold gases [38; 39; 23]. For instance, each time an Efimov trimer couples to a three-atom or to an 
atom-dimer threshold, the particle loss dramatically increases, and the corresponding scattering rate 
coefficients provide well-suited observables to detect Efimov physics in experiments. 

For atoms in the lowest internal state, i.e. the lowest Zeeman and hyperfine sublevel of the electronic 
ground state, inelastic two-body collisions are energetically suppressed and the dominant scattering 
and loss mechanisms come from three-body recombination processes. Here two atoms can bind into a 
deeply-bound state while the third atom ensures energy conservation. The binding energy is converted 
into kinetic energy and the process generally results in losses of both the dimer and the third atom 
from the trapping potential that confines the ultracold sample. As we will discuss in Sec. [SI under 
certain circumstances also four-body processes can contribute significantly to the overall atom losses. 

In an atomic sample, the Efimov effect impacts the three-body recombination in two opposite ways. 
For negative a, Efimov states induce pronounced maxima associated with a resonant increase of the 
recombination rate coefficient L3 at the crossing position a_ , while for positive a the recombination 



3 Efimov's window of universality corresponds to the region l/\a \ <C 1/ro and E b <C h 2 /(mr 2 ,). 



7 



a < Energy a > 




Fig. 3 Efimov's scenario: Infinite series of weakly bound Efimov trimer states for resonant two-body interac- 
tion. The binding energy is plotted as a function of the inverse two-body scattering length 1/a. The shaded 
regions for E > and E < are the scattering continuum for three atoms and for an atom plus a dimer, 
respectively. The arrows mark the intersection of the first Efimov trimer with the three-atom threshold and the 
atom-dimer threshold. To illustrate the Efimov scenario just three Efimov states are depicted and the universal 
scaling factor was artificially reduced from 22.7 to 2. 



Table 1 Universal connections between the positions of the tri-atomic Efimov resonance a_ , the atom-dimer 
Efimov resonance a*, and the recombination-rate minimum [Sf]. The Efimov states are counted from 
n = 0, meaning that the Efimov state with the largest binding energy crosses the tri-atomic threshold at 
Here, the symbol indicates the position of the n-th minimum in recombination in contrast to the notation 
previously used in Ref . 0] ■ 





a_ 


in) 


n 

a: t 


Position of the (n + l)-th tri-atomic Efimov resonance 




+22.7 


-22.7 x 4.9 


-22.7/1.06 


Position of the (n + l)-th recombination minimum 


af +± > 


-22.7/4.9 


+22.7 


+4.4 x 22.7 


Position of the (n + l)-th atom-dimer Efimov resonance 


ai n+1> 


-1.06 


+22.7/4.4 


+22.7 



rate shows minima? at a ™ . The two positions are connected with each other according to the universal 
relations presented in Table [1] 38; 39]. The recombination-rate maxima at a < result from the strong 
coupling between three free atoms and the trimer state and the opening up of additional decay channels 
;3lJ . These loss resonances are known as tri-atomic Efimov resonances. The recombination-rate minima 
at a > are the result of a destructive interference between two distinct decay pathways in the outgoing 
atom-dimer channel [H; HI; . 

For large positive and negative values of a, the recombination rate coefficient L3 takes the simple 
form [13 

L 3 = 3C(a)— , (7) 
m 

which separates a general a 4 scaling [UOlII from a dimensionless log-periodic function C(a) [23|, which 
contains the Efimov physics. A convenient quantity is the so-called three-body recombination length 

J 2m , 

P ^i^ (8) 

4 Note that in Ref. 0] a+ denoted the maximum in L3 at positive a. Here we use a+ to indicate the 
minimum in L3. 
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which converts the a 4 -scaling of L3 to a simple linear background dependence, = 1.36\/C(a)\a\ |3£ 
Effective field theory provides analytic expressions for C(a) for both negative and positive a |23| 



C(a) 



sinh(2?7_) 
sin 2 [so In (a/a _ ) ] + sinh 2 rj _ 



4590 —= —y-i-> if a < q (9a) 



, 67.1 e~ 2j) +(sin 2 [s ln(o/a+)] + sinh 2 r]+) + 16.8 (1 - e" 4 ^) if a > 0. (9b) 



The decay parameters 77+ and r\- are related to the lifetime of the Efimov trimer. The trimer state 
can spontaneously decay into a deeply bound dimer state plus an atom. In a real atomic system, the 
two-body molecular spectrum is very rich and the inclusion of each two-body target state would make 
the problem very complex. The decay parameter absorbs the cumulative effect of the many decay 
channels. The most simple treatment is to consider that the decay parameter is constant for any value 
of the scattering length, i. e. that it assumes the same value at both positive and negative scattering 
length = rj + ). At a next level of complexity, one can consider a different value for the decay 
parameter for positive and negative a, as shown in Eqs. (|9ap and (|9bl) . or even a decay parameter that 
varies with the scattering length [4^. In the positive a region, the effect of the deep states and the 
additional weakly-bound dimer is accounted for by the two additive terms in Eq. (|9bl) . 

The function C(a) has a log-periodic oscillatory behavior with C(a) — C '(22.7 a). It resonantly 
increases each time an Efimov trimer crosses the tri-atomic threshold at a — a^ and decreases when 
the destructive interference occurs. Figures HJa) and (b) show the recombination length for negative 
and positive scattering length, respectively. For simplicity, we have omitted in the equations the index 
(n), taking advantage of the log-periodicity of the C(a) function. The maximum and minimum position, 
a_ and a+ , are universally connected accordingly to Table [TJ and just one of this two quantities has 
to be fixed to fully determine the three-body problem. The resonant scattering length values and 
the 77 parameter can not be derived within the effective field theory, and need to be experimentally 
determined [12]. As we will discuss in the next section, Eqs.flSJl, (|5aj) , and (|9b|) are commonly used to 
fit the experimentally measured values for the recombination rate, with all the four quantities a_, a+, 
r/- and 77+ being left as free parameters 5 . 
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Fig. 4 Recombination length P3 calculate d w ithin effec tive field theory for (a) negative and (b) positive values 
of the scattering length according to Eqs. (|9a[) and (|9b|) . respectively. For the free parameters £l-(+) and ??-(+), 
we have chosen the values corresponding to the Cs Efimov features p|; see Table POI The solid grey lines result 
from setting the sin 2 -terms to 1. The unitarity limited recombination length is also shown for 100, 10, 1 and 
0.1 nK (from light to dark regions). 



To analyze experiments the data for a > and a < are often fitted independently. The comparison of the 
results for a_ and a+ then provides a test for the universal relation. 
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For ultralow, but finite temperatures the three-body recombination length is unitarity limited [43[ 

to 

P r x = 5 - 2 ^w ( 10 ) 

The unitarity limit imposes an upper value for the measurable recombination length. At T— 10 nK, this 
limit corresponds to pf ax = 6x 10 4 clq and at T = 100 nK it is about a factor of three lower. As shown in 
Fig. 21 the unitarity limit also sets the number of Efimov features that can be realistically observed in 
the experiments. While the first Efimov maximum is visible even for comparatively high temperatures 
(T ~ 100 nK), the next maximum requires a temperature of about about a factor of 500 lower to 
be observable. Such a low temperature is hardly accessible in current experiments. This limitation 
clarifies the reason why none of the experiments on Efimov physics was able to unambiguouslyobserve 
two consecutive maxima 6 , although two neighboring minima have been successfully revealed [6; 9]; see 
Seel 

The above discussion has focused on the three-body behavior at the tri-atomic threshold. Similar 
arguments apply to the atom-dimer threshold (a > 0). When an atom-dimer system resonantly couples 
to an Efimov trimer the scattering rate resonantly increases. Here the dominant loss mechanism is 
collisional relaxation, also known as vibrational quenching. During an atom-dimer collision, the dimer 
can relax into a more deeply bound two-body state and the binding energy is converted into kinetic 
energy. This two-body process is described by the rate equation no = = ~/5^d^a, where 71d(A) is 
the dimer (atom) density and j3 is the relaxation-rate coefficient. At the atom-dimer Efimov resonance 
position a = a* the relaxation rate exhibits a resonant increase. Effective field theory provides a universal 
formula for the relaxation-rate coefficient (3 at zero temperature [2 EH H|| 



P = C AD (a) — , (11) 
m 

where Cad (a) incorporates the typical log-periodic oscillator behavior of the Efimov effect and reads 
as 

20.3sinh(2^) 

CadW = . 2 r w / M, • u2 — • ( U > 
sin [so ln(a/a*JJ + Sinn 77* 

The parameter 77* is again related to the trimer lifetime. Within effective field theory 77* =7/_ =77+, 
while for convenience all these three parameters are treated as independent when fitting the theoretical 
expression to experimental results. 



4 Efimov resonances in ultracold quantum gases of Cs atoms 

In summer 2005, an Efimov trimer state was observed in experiments performed by our group in Inns- 
bruck 0. These experiments, conducted on optically trapped ultracold gases of Cs atoms, provided 
signatures of both a tri-atomic Efimov resonance and a recombination minimum. Later experiments 
showed the appearance of an atom-dimer Efimov resonance [5j . Figure [3] summarizes the main obser- 
vations of Efimov resonances in Cs for both the a < and the a > side. 

All these experiments were based on the magnetically tunable interaction properties of Cs atoms 
in a magnetic field range between and 150 G, henceforth referred to as the low- field region (region 
/ in Fig. The accessible magnetic field range was technically limited by our previous magnetic coil 
setup, restricting the tunability of the s-wave scattering length a to a range between — 2500 do and 
1600 oq. In 2010, we performed a major upgrade of our setup, which now allows us to produce magnetic 
fields of up to 1.4 kG. With this new setup, we have studied Efimov physics in the 550 region and in 
the 800 G region [Tt| , henceforth referred to as the high-field r egion , where two broad s-wave Feshbach 
resonances allow for a wide tunability of the scattering length 13 lj . 

In this Section, we first present our observations on the tri-atomic Efimov resonances in both the 
low-field and the high-field region (Sec. [44} and on the atom-dimer Efimov resonance observed in 
the low- field region fSec. 14.21) . We then describe further Efimov resonances observed on other Feshbach 
resonances in Cs fSec. l4.3t . and we discuss the behavior of the three-body parameter in our observations 
(Sec.m]). 

6 Using an updated scattering length determination [lllj the second maximum observed in Ref. [jj may be 
interpreted as resulting from the pole of the Feshbach resonance and not from an Efimov state. 
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Fig. 5 Efimov resonances observed in ultracold cesium at low magnetic fields, (a) Observation of a triatomic 
Efimov resonance in measurements of three-body recombination. The recombination length ps is plotted as a 
function of the scattering length a. The squares and the empty triangles show the experimental data for initial 
temperatures around 10 nK, and 200 nK, respectively 0. The solid curve represents the ana lytic model from 
effective field theory 23], where the scattering-length to magnetic-field conversion is from |19lj . The inset shows 
an expanded view for small positive scattering lengths with a minimum near 210 ao. The displayed error bars 
refer to statistical uncertainties only, (b) Two-body loss rate coefficient f3 measured for inelastic atom-dimer 
collisions [5| at two different temperatures, 40 nK (open triangles) and 170 nK (filled squares). Here a prominent 
atom-dimer Efimov resonance shows up for a > 0. The solid lines represent fits based on universal effective 
field theory. 

4.1 Triatomic Efimov resonances 

To reveal the Efimov resonances at the tri-atomic threshold, we prepare an optically trapped thermal 
sample of up to 5 x 10 4 Cs atoms at temperatures ranging from 10 to 250 nK. Our experimental 
procedure is based on an all-optical cooling approach as presented in Refs. [U IH; |4{|. The atoms 
are prepared in their lowest internal spin state (F = 3,to^ = 3), where three-body recombination 
collisions are the dominant loss mechanism. We measure the three-body loss rate L3 by recording the 
time evolution of the atom number TV and the atom temperature T for different magnetic field values in 
the region of interest [40; 2\. In the following, we discuss separately the recombination results obtained 
in the low- and high-field region. 

Low-field region 

We first focus our attention on the low magnetic-field region and discuss the results of Ref. [2] 7 . As 
shown in Fig. [2] (region I), the smooth change in the scattering length is caused by an s-wave Feshbach 
resonance located at about —12 G. The scattering length passes from large negative to large positive 
values through a zero crossing, located at about 17 G, rather than through a pole. 

The data are plotted in Fig.[5la) in terms of the recombination length p 3 ; see Eq. ©. In the 
negative a region we observed a prominent triatomic Efimov resonance as a dramatic increase of the 
three-body recombination rate. As expected from effective field theory, the recombination length p 3 
shows a resonant increase on top of a linear dependence on a. Our data follow remarkably well the 
functional form of L3 derived with the effective field theory at zero temperature. From the fit of Eq. (JS| 

to our 10 nK experimental data we extract the resonance peak position to be a_ — — 872(22) ao, 
corresponding to about 7.6 G, and the decay parameter r\- = 0.10(3). 

All the results discussed so far are valid in the zero-energy collision limit. This approximation is well 
justified for our lowest temperature data (T = 10 nK) where the largest measured recombination-rate 
coefficient is well below the upper bound imposed by the unitarity limit. At higher temperatures, the 
unitary limit affects the observability of the Efimov resonance; see Eq. (fTTJ]l . This effect is clearly visible 
in Fig. [S] where both 10 and 250 nK data are shown. For 250 nK, the resonance feature is still visible 
(open triangles) but with about half the contrast of the low temperature data. In further experiments at 
higher temperatures (data not shown) we observed the resonance to disappear above ~500nK. With 



7 The data have been refitted according to the new a(B) conversion. 
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increasing temperature we also observed a linear shift of the resonance position to lower \a\ values 
with a slope of 0.2ao/nK [5(j, which confirmed the picture of an Efimov state crossing the tri-atomic 
threshold. Above threshold the trimer state is expected to become metastable and the zero-energy 
Efimov resonance evolves into a triatomic continuum resonance [5lt |52| . 

In Ref. [2j, we also investigated the positive a region, which is connected to the negative one through 

a zero crossing. Here we observed a recombination minimum at a^ ' sw 210 ao; see inset to Fig. [5] We 
fitted Eq. ([5]) to our a > recombination data and we observed a good agreement with the results from 

effective field theory. Although the measured a^/a^ ' ratio is in good agreement with the predicted 
universal value (see Table [T]), the interpretation of the minimum in terms of universal theory is a 
delicate issue as the minimum appears at a value of a that is only about two times larger than 
i?vdw- In the regime of comparatively small scattering lengths, non- universal corrections might play 
a sizable role, affecting the universal ratio values. From the theoretical side, the relation between 
features occurring at opposite sides of a zero crossing of the scattering length have risen controversial 
interpretations. In Ref. [53| . the authors rose serious doubts about t he p ossibility to universally relate 
the observed minimum to the tri-atomic Efimov resonance. In Refs. \34. [55l loo] the specific case of 
Cs at low magnetic field was considered. The calculations are all consistent with the appearance of a 
recombination-rate minimum at about 200 ao, as observed in our experiments. 

The open issues in the interpretation of our low-field results has been a main motivation to extend 
our measurements to the high-field region. 

High-field region 

Here we summarize our recent observations on Efimov resonances in the high-field region, as presented 
in Ref. [l9j]. The measurement procedure was basically the same as for the low-field case. In Fig. [5] we 
plot the measured recombination lengths p3 versus magnetic field strength B, while in Fig. [7] the same 
data are plotted for all observed Efimov resonances as a function of the scattering length, according 
to the a(B) conversion. 

In the 800 G (region IV in Fig. [2]), the broad resonance represents an extreme case of an open- 
channel dominated resonance (s rcs ~ 1470) and it has strong similarities to the low-field s-wave res- 
onance. In the region of negative scattering length, measurements reveal a feature with a width of a 
few G. Its shape closely resembles the results of the low-field region and a fit to the data according 




552 554 556 558 850 900 950 

magnetic field strength B (G) 

Fig. 6 Efimov resonances at high field. The measured recombination length pz is shown for three different 
regions (triangles, 552 G < B < 554 G; bullets, 554 G < B < 558 G; lozenges, 830 G < B < 950 G), which are 
separated by the poles of different Feshbach resonances. The error bars indicate the statistical uncertainties. 
For all three regions, the solid lines represent independent fits to the data at negative a. The dashed lines 
show the predictions of effective field theory for a > 23] , using the parameters obtained in the corresponding 
region for a < 0. The insets show the relevant behavior of the scattering length (solid line, full calculation; 
dash-dot line, s-wave states only) . The arrows in the main figure and the corresponding dots in the insets refer 
to the triatomic Efimov resonances. 
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Fig. 7 Comparison of triatomic Efimov resonances in the high-field region of Cs. The data are the same as in 
Fig.[6l but here a ps(a) representation facilitates a direct comparison. Recombination length p$ versus scattering 
length near the 553.3(4) G (a) and 554.71(6) G (b) three-body recombination maxima, (c) Recombination 
length pz versus scattering length for the 853.07 G three-body recombination maximum. Inset in (c) Zoom on 
the recombination minimum at 270(20) do- 



to the Eq. (lUal) gives a value of a_ = — 955(28) ao. This shows that an Efimov state appears at the 
atomic threshold at a value for a very close to the low-field one. Furthermore, at even higher magnetic 
field, beyond the zero crossing of the scattering length, we found a loss minimum at B — 893(1) G, 
corresponding to a + — 270(30) ao; see inset of Fig.JTJc). These two features closely resemble the ones 
observed at low field and the ratio between the positions of the maximum and the minimum is consistent 
with universal theory. Future investigations will aim at the measurement of the second recombination 
minimum expected according to universal theory around +4300 ao. 

Cesium features a second broad s-wave resonance between near 548 G; see region III in Fig.[5J 
Here, a g- wave resonance centered at 554.4 G creates a more complicated scenario as it resides on the 
shoulder of the s-wave resonance at about — 1000 ao. This value is very close to the position where 
one may expect an Efimov resonance to occur if only s-wave contributions were considered (left inset 
in Fig-EJ) - The presence of the g- wave resonance generates two regions of negative a with a range of 
300 mG of positive a in between. As discussed in Sec.[2j while the s-wave resonance is open-channel 
dominated (s rcs ~ 170), the character of the <?-wave resonance is an intermediate case (s rcs = 0.9). 
Our L3 measurements show a loss minimum at 553.7 G resulting from the zero crossing of the <?-wave 
resonance, and additionally three loss peaks are clearly observed (see left-hand side of Fig. The 
central peak is the <?-wave resonance pole, while we interpret the other two features as triatomic Efimov 
resonances. The separate fit to the two loss features with the universal theory gives a_ = —1029(58) ao 
for the left feature and —957(80) ao for the right one. Even in this scenario of overlapping resonances, 



Table 2 Overview of observed Efimov features in ultracold Cs. For the corresponding Feshbach resonances (see 
also Fig. [2]) we specify the corresponding partial- wave character of the molecular state (second column) and we 
give the resonance strength parameter (sixth column). The third and fourth column give the positions of the 
triatomic Efimov resonances in terms of scattering length and magnetic field, respectively. The fifth column 
specifies the decay parameter r\- . The last column indicates the positions of the observed recombination minima. 
The values for a_ and r\- were obtained by universal fits, whereas the given values for a+ were directly from 
the positions of the corresponding loss minima. (*Note that the ma rked values may suffer from systematic 
errors larger than the specified uncertainty; see discussion in Sec. I4.3H 
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the values of a_ are close to the ones measured at low fields and in the 800 G region. The L3 data on the 
lower side of the g-wave resonance pole may show experimental artifacts resulting from magnetic field 
ramping, and they may also be influenced by a possible magnetic field dependence of r\- [42[. Future 
investigations could consider different ramping schemes of the magnetic field in order to separate the 
different contributions. In additional sets of measurements (not shown) we also detected an Efimov 
recombination minimum around 556.9(2) G, corresponding to a + = 250(40) ao, which again fits to the 
other observations and a universal connection of all features. 

In Table l4TT1 we summarize all our observations on Efimov-related features in atomic three-body 
recombination observed in ultracold Cs. All observations support a universal connection. This in par- 
ticular means that the three-body parameter stays essentially constant as we will discuss later on in 
Sec.i31 



4.2 Atom-dimer resonances 

The Efimov scenario predicts that the trimer states merge with the atom-dimer threshold for a > 0. 
This causes resonant increase of the relaxation rate in atom-dimer collisions [44J . In Ref. [5[ we reported 
the first observation of an atom-dimer resonance. We produced a mixture of about 3 x 10 4 Cs atoms 
and 4 x 10 3 weakly-bound CS2 halo dimers [30|; Hi]; [Hj] . The halo dimer state used in the experiments 
is a universal s-wave bound-state with Ef, < E v aw — h x 2.7 MHz 8 for magnetic field values B above 
20 G. For B < 20 G, the binding energy becomes too large and the state loses its universal character 
30]. 

The relaxation loss rates were measured by probing the decay of the number of optically trapped 
dimers for varying magnetic field strengths. To investigate the role of the initial collisional energy, 
the measurements were performed both on a 40 nK and a 170 nK mixture. Figure [SJb) shows the 
atom-dimer relaxation rate coefficients /3 as a function of the scattering length a for both temperature 
settings. The data clearly show a loss resonance that we interpret as an atom-dimer Efimov resonance. 
By increasing the scattering length to large positive values the relaxation rate first undergoes a rapid 
increase of about an order of magnitude and then a smooth decrease toward its typical background 
value. We observe similar relaxation-rate values for both the low- and high-temperature data set. 
From the fit of Eq. (TT2"j) to the 170-nK data, we determined the atom-dimer resonance position to 

=+367(13)ao, corresponding to about 25 G, and the decay parameter to 77* = 0.30(4). We found 
an overall good qualitative agreement with the predictions of effective-field theory at zero temperature. 
However, we always measured smaller relaxation rate coefficients than the value expected at T = fjij . 
The observed behavior can partially be explained considering finite-temperature effects [58[ . References 
[461 : [59I : l60l ] report on an extension of the effective field theory for non-zero temperature. The authors 
predicted a comparatively rapid decrease of f3 with increasing temperature. In Ref. [60], the absolute 
values of j3 calculated for T = 170 nK show a good agreement with our high-temperature data. However 
the theory predicted a temperature dependence that could not be observed in the experiments. This 
could be due to systematic problems with our low-temperature data or to more fundamental reasons. 
Further investigations are needed to clarify this point. 

Another important issue concerns the universal connection between the tri-atomic and the atom- 
dimer Efimov resonance. As reported in Table [TJ the universal theory predicts a ratio a* 1 "*" /|a_ | ~ 

1.06, while we found cl^ /\a_ \ ~ 0.4. The observed deviation may be partially connected with the fact 
that the condition for universality (a^i? vc iw) is not very well fulfilled since the atom-dimer resonance 
occurs at a value of the scattering length that is only a factor 3.6 larger that i? v dw- Non-universal and 
finite-range contributions could in fact modify the scaling ratio. It is worth to mention that the other 
two experiments on atom-dimer resonances, one with 39 K Q and the other one with 7 Li Q, reported 
similar deviations from the universal ratio. All these results rise the question whether the deviation 
is purely accidental or whether it points to some fundamental issues that still need to be understood 
and explored. Future experiments on atom-dimer resonances in Cs at high magnetic fields could help 
to shed some new light on this issue. 



E v dw = R 2 /( m ^5dw) i s the van der Waals energy [2J 
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Fig. 8 Efimov features close to d-wave Feshbach resonances. The recombination length pz is plotted vs mag- 
netic field strength. The error bars come from statistical uncertainty on trap frequency, temperature and 
recombination decay rate, (a) Efimov resonance of the 820 G d-wave Feshbach resonance. The fitting param- 
eters in the negative region of a are a- = 1400(150) ao and r\~ = 0.18(3), while the positive region the line 
considers r\~ — 77+ and a_ = a+/4.9, as TableQ] (b) Data from three-body decay rate reveal an Efimov fea- 
ture near the 495 G d-wave Feshbach resonance. An accurate number density calibration for panel (b) is not 
available and therefore arbitrary units are used for the vertical axis. 



4.3 Evidence for further Efimov resonances 



In addition to the broad Feshbach resonances discussed before, Cs offers many more narrower res- 
onances. One therefore may expect further Efimov features to be present, only that they are more 
difficult to observe and to interpret in terms of the scattering length. On the other hand, such features 
may be of great interest to clarify the situation for Feshbach resonances that are not in the open- 
channel dominated limit [27| . Here, we present first results on Efimov features on two resonances that 
originate from d-wave molecular states. 

As shown in region in Fig. [5] the broad s-wave Feshbach resonance at 787 G presents an overlapping 
d-wave resonance, which is moderately entrance-channel dominated (s rcs w 12). As the resonance is 
found on the shoulder of the s-wave resonance at a large value of scattering length (—4200(200) ao), 
the background scattering length is rapidly chan ging across the width of the d-wave resonance and this 
could modify the three-body recombination rate [61(. Below the d-wave zero-crossing at 819.37(3) G we 
observe a peak structure not connected to other Feshbach resonances as shown in Fig.[5]Ja). We assign it 
to an Efimov feature and by using universal theory, we obtain a_ = —1400(150) ao for this feature. Our 
a(B) conversion is much less precise in this region and the given error bar does not include systematic 
uncertainties, which for this case may substantially exceed the statistical uncertainties. Possible sys- 
tematic error sources may be systematic, model-dependent uncertainties in fitting the near-threshold 
molecular structure and experimental, magnetic-field ramping issues, which may somewhat distort the 
observed structure. Therefore this value for a_ cannot be interpreted as significantly different from the 
ones reported before. 

Further evidence for an Efimov state on a d-wave Feshbach resonance has been found at about 
498 G in the negative a region of the strongest d-wave resonance. This open-channel dominated reso- 
nance (s rcs > 100) is influenced by other three nearby d-wave resonances that modify the background 
scattering length in that region of B (region 77 in Fig. [J). A loss resonance is clearly visible in L3 mea- 
surements plotted in Fig.|SJb) and we assign this loss feature to an Efimov state. The poor statistics 
and systematic errors, as discussed for 820 G feature, do not allow a precise determination of a_ and 
T]-. Nevertheless, both these additional observations highlight the ubiquitous nature of Efimov states 
in bosonic gases with large scattering length, and in future experiments their quantitative investigation 
may provide more insight into the particular role of the Feshbach resonances. 
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Fig. 9 Position of the three-body loss features of cesium. The dashed line corresponds to the weighted mean 
value of —921 ao. While in the left panel the logarithmic scale (to the basis of 22.7) covers one Efimov period, 

only one tenth of that period (factor of 22.7 1//10 = 1.37) is shown in the right panel. The results obtained at 
498.1 and 819.89 G are not shown here si nce t he conversion a(B) is subject to systematic errors, which are not 
fully under control; see discussion in Sec. 14.31 



4.4 Three-body parameter 

Efimov's geometrical scaling law (Sec. [3]) determines the relative energy between the trimer states. To 
fix their absolute positions, however, an additional parameter is needed. This parameter is commonly 
referred to as the three-body parameter (3BP). The 3BP corresponds to a cut-off of high lying states 
in momentum space, which bounds the ladder of Efimov states from below. For zero-range models, 
this avoids the unphysical situation of bound states with an infinitely large binding energy (known 
as the Thomas effect [62]). The physical meaning of the 3BP in real systems and the relation to the 
short-range physics is still an open issue. Here we discuss possible interpretations of this quantity, and 
we discuss experimental findings shedding light on this issue. 

The general idea is that the 3BP depends on all the details of the two- and three-body potentials 
not captured by universality. Short-range physics enters via two-body interactions, but also through 
genuine three-body terms, which are a non-additive contributions to the total interaction potential 



[63l | . D'Incao and coauthors [53J numerically demonstrated the possible effect of a three-body model 
interaction on the recombination rate. However, as shown in [64], a realistic three-body interaction 
modifies the system behavior at a length scale much smaller than i? v dw 9 - I n the universal limit, 
a Feshbach resonance only modifies the part of the wave function that is far outside of the van der 
Waals range, which suggests a ne glig ible contribution of the three-body forces to the 3BP. fn fact, some 
recent theoretical approaches [341:1561: l65j ] obtained the positions of Efimov features approximately right 
without invoking any three-body forces. At present, the possible impact of three-body interactions in 
real experiments with ultracold atoms remains an issue that is not fully resolved. 

If we assume that the role of three-body forces is negligible, then the problem can be fully described 
in terms of pair-wise two-body interactions. Here the main question is what sets the length scale 
associated with the 3BP, as represented by the scattering length a_ where the first Efimov resonance 
occurs. For closed-channel dominated resonances, R* ^> a provides an additional length scale [13; [fill 
HI; H3; Isl] , which is expected to fix the 3BP. For intermediate cases, the problem gets very complex. 
Here, effective-range effects have been shown to cause corrections to the Efimov resonance positions 
and to the connections between different features [6^; i70l |. For open-channel dominated resonances, 
the van der Waals length i? v dw or alternatively the mean scattering length a — 0.956 i? v dw (Sec. 12. ll) 
appear as the only additional length scale. This suggests a fixed relation between a_ and a. In fact, 
our actual Cs value /a = —9.5(4) is remarkably close to corresponding values for 7 Li [UQ and 6 Li 
B S EH; Ell , which vary in the range between —8 and —10. This is an exciting hint, which motivates 
further investigations both theoretically and experimentally. 



9 Typically genuine three-body interactions have a range of 10 ao, which is one tenth of our R v dw- 
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To clarify the issue of the 3BP, investigations of Efimov features at different Feshbach resonances 
in the same atomic system provide interesting information. In Ref. [ll| the Efimov scenario was in- 
vestigated in two channels that differed in the nuclear spin orientation. The comparison showed no 
significant difference in the 3BP, thus suggesting at least its independence of the nuclear spin. In 
Ref. [H we have determined the 3BP for four different triatomic Efimov resonances in Cs; see also 
Sec. 14.11 The results are illustrated in Fig-EI The left panel shows the obtained values on a logarithmic 
scale that covers the full Efimov period (factor of 22.7); the right panel shows a zoom in covering one 
tenth of the Efimov period. The results show only very small variations around an average value of 
a^°' — —921 ao, staying within a few percent of the Efimov period. The deviations from the average 
value are not statistically significant 10 . Thus our data are consistent with a constant or weakly varying 
3BP. This observation in Cs rules out a scenario where the 3BP is essentially random for each new 
resonance [531 ] - 

It is interesting to note that recent experimental results fl3j on atom-dimer interactions in three- 
component spin mixtures of 6 Li indicate small variations of the 3BP, although all observations on 
three-atom interactions in the same system are consistent with a constant 3BP. Our observations 
on Cs, where the three-body recombination minimum follows universal relations (Sec. 14. 1[) while the 
atom-dimer resonance (Sec. 14.21) shows substantial deviations, point into a similar direction. This is 
another unresolved issue regarding the 3BP. Let us finally discuss the decay parameter rj- (or r] + for 
a > 0). This quantity is sometimes referred to as the imaginary part of the 3BP, and it is related to 
the lifetime of an Efimov trimer against spontaneous decay into a more deeply bound dimer state and 
a free atom. This process sensitively depends on the particular spectrum of weakly-bound dimer states 
[421 ; [66| . Thus the decay parameter is expected to be a non-universal quantity. 



5 Universal four-body states tied to an Efimov trimer 

The Efimov effect shows that a universal sequence of three-body bound states exists for resonant two- 
body interaction. One could easily be tempted to extend this scenario to -/V-body bound states and 
resonant (N — l)-body interactions. However, soon after Efimov's original work, it was demonstrated 
that no "true" Efimov effect can exist for four or more identical particles [72| , underlining the distinctive 
and exclusive character of the effect to three-body systems. In fact to have a genuine Efimovian 
character, an ./V-body state should not only exhibit a precise scaling invariance but also a well-defined 
behavior at threshold, meaning that an (N — l)-body bound state should cause the appearance of an 
infinite ladder of iV-body states at the iV-body atomic threshold. Nevertheless, the question of possible 
universal tetramer states remained an open issue. It was later pointed out that universal four-body 
states, which are not genuinely Efimovian but still Efimov- related , or even true four-body Efimov states 
in light-heavy particle systems might exist fTl [7^ : [75 1 p76l: F77l; fT8h Fr9l: [80l ] . 

Two theory groups, one in Bonn/Ohio [8l[ and the other one at JILA in Boulder [g^, have made 
a fundamental step in understanding the four-body problem for identical bosons. They predicted the 
existence of a small finite number of universal four-body bound states tied to each Efimov trimer. As 
suggested in Ref. [1H and more rigorously demonstrated in Ref. (82[, there are exactly two four-body 
states. The key point is that in the proximity of an Efimov trimer the four-body potential is strong 
enough to support two, but only two bound states. The extended Efimov scenario for four particles 
is illustrated in Fig. llQI In Ref. [82j . the universal scaling factors between an Efimov trimer and the 
pair of tetramer states have been calculated. The two tetramer states cross the four-atom threshold at 
a ib' 1 ^ = O^Sa 1 ™^ and a^' 2 ' = 0.90a^ [g~2j and merge with the dimer-dimer threshold at 2.37ai™^ and 

6.6a* HH, respectively. 

Remarkably, collisional rates can still serve as central observable in experiments. In general, four- 
body collisions are negligible in ultracold gases since this high-order process is usually completely 
masked by dominant three-body mechanisms. However, when a tetramer state crosses the atomic 
threshold the recombination rate resonantly increases and becomes sizeable [84j]. In Ref. (82[, the au- 
thors suggested that already our early 2006 investigations Q showed indications of the above-described 

10 Between the values determined for the two broad resonances at 7.6 and 853 G we find a possible small 
aberration of about 2.5 standard deviations. This may be accidental but it may also hint at a small change in 
the 3BP. 
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Fig. 10 Extension of Efimov's scenario to four identical bosons. The solid lines illustrate the pairs of universal 
tetramer states linked to each Efimov trimer. In the four-body picture, the Efimov trimers correspond to the 
trimer-atom thresholds (dashed lines). A four-body state crosses the four-atom threshold (A+A+A+A) and 
merges with the dimer-dimer threshold (D+D). The arrows indicate the positions where the energetically lowest 
pair of four-body states couples to the atomic threshold and to the dimer-dimer threshold. 




magnetic field strength B (G) scattering length a (a ) 

Fig. 11 Observation of four-body resonances at high magnetic fields in Cs. (a) Remaining number of atoms 
as a function of magnetic field strength B. The measurements are performed on a sample of 6 x 10 4 atoms 
at 100 nK. The waiting time in the optical trap is 2 s. (b)-(c) Remaining atom number as a function of 
the scattering length in the vicinity of the two four-body resonances. The two four-body loss resonances are 
indicated by the arrows. The measurements are performed with optimized parameters: (b) 5 x 10 4 atoms at 
70 nK with a waiting time of 0.01 s, and (c) 2.5 x 10 4 atoms at 50 nK with a waiting time of Is. 



four-body states. In a later dedicated experiment, we carefully investigated this issue in the low-field 
region [18j |. In the vicinity of the Efimov trimer, we observed a pair of four-body resonances at the four- 
atom threshold and verified the predicted universal relations between the three- and four-body states 
[82l ]. Our findings are based on four-body recombination rate measurements and loss spectroscopy in 
optical trapped samples of Cs atoms. In particular we could clearly obsverve a four-body behavior in 
atom- number decay measurements and extract the four-body relaxation rate coefficient L4, accordingly 
to the rate equation tia — —Lsn\ — L^n\, where ua is the atomic density. Evidence for the existence 
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of the four-body states has also been obtained with 39 K in the Florence experiments [6( and with 7 Li 
in the Rice experiments 

We now report on novel observations of the four-body states in the high-field region. We followed 
a strategy similar to the one used in the low-field region. We prepared an ultracold sample in a 
crossed dipole trap and we performed loss spectroscopy as a function of the magnetic field strength 
for a fixed storing time in the trap. Our results are shown in Fig. llll We first performed a magnetic- 
field scan over a comparatively wide range of values and we identified the two four-body resonances 
(Fig. lllf a)). we then focused on the two regions of interest and we repeated the measurements using 
optimized time sequences (Fig.rTTfb-c)). The two four-body resonances appear at 865.4(5) G and 

855.0(2) G, respectively. Using the previously discussed a(B) conversion, we find — —444(8) ao 

and — —862(9) ao, respectively. These values are remarkably close to the ones found in the 

low- field region jl8j | . In both the low- and high- field region our observations confirm the universal 
relation predicted in 82]. In particular, we found a^^/a_ = 0.47(1), a^f^ /a_ — 0.87(1), and 

4b 1) /a ( ° ) = 0.46(2) and af h 2) /a {0) = 0.91(3) at low- and high-field, respectively. 

Our results confirm once more the robustness of universality through different Feshbach resonances 
and magnetic fields and demonstrate the ability to observe higher-order few-body phenomena with 
ultracold gases. Recent theoretical investigations have predicted a further extension of the Efimov 
scenario, where 5, 6, 7 or more bodies can bind even if no bound subsystem exist [78:; 85; 86]. Cluster 
with up to N — 40 atoms have been investigated and the scattering-length values at which successive TV- 
bosons systems cross the corresponding atomic threshold have been calculated. This exciting direction 
of few-body physics awaits experimental confirmation. 



6 Few-body phenomena in other ultracold quantum gas experiments 

In the last few years, Efimov states and related universal features have been observed in various other 
ultracold systems [!; 0; H; 0; H; H; E2 E2; El; O , extending and complementing the Cs observations 
discussed above. The experiments confirmed basic elements of the Efimov scenario, but also triggered 
new questions on universality and its connection to real-world systems. Here we briefly review the 
main findings of the experiments performed by other groups in various quantum gases with tunable 
interactions. 

An important breakthrough for the three-boson system, reported in Refs. 0; Q , was to observe the 
scaling factor between the Efimov features by detecting consecutive loss resonances in recombination 
experiments. Other experiments concentrated on the extension of the Efimov scenario to non-identical 
particles, using a spin mixture of fermionic atoms [!; 3; Ell or a mixture of different atomic species 
[3] ■ A different approach to test the robustness of universality was based on the observation of Efimov 
features on Feshbach resonances occurrin g in different spin channels [1; E2, on different Feshbach 
resonances in the same entrance channel [19J, and by measuring the Efimov trimer binding energy 

[13 0, 

Experiments on 39 K performed in Florence provided a first confirmation of the Efimov's universal 
scaling factor Q. In the positive a region, two consecutive recombination minima were observed. The 

ratio between the positions of the minima was found to be a^/a^ = 25(4), which agrees within 
the uncertainty with the universal scaling factor of 22.7; see Table Q] In addition, two loss resonances 
were observed in the atomic samples at positive scattering length values. These loss resonances in 
atomic collisions were interpreted as being caused by the underlying atom-dimer Efimov resonances 
through multiple collision processes. In the negative a region, a single tri-atomic resonance was revealed. 
Remarkably, all the measured ratios connecting features at positive and negative a showed a substantial 
deviation of up to about 60% from the predicted universal ratios. In particular, the ratio between the 
tri-atomic and atom-dimer Efimov resonance position al 1 ' l /|a^ ) ' l | resulted to be about 50% smaller 
than the expected one. A similar reduction was also observed in our Cs experiments Q, as discussed 
in Sec.UJ 

The Rice group || and the Bar Ilan group [1; EH studied the Efimov spectrum and the corre- 
sponding universal relations in ultracold gases of 7 Li. In Ref. @, the authors reported a number of 
recombination features for both positive and negative a values that they interpreted as being caused 
by consecutive tri-atomic and atom-dimer Efimov resonances, and recombination minima. However 
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the interpretation of the loss features in terms of the Efimov scenariopartially remains an open issue 
because of discrepancies in the a(B) conversion used by both groups M, EH and further investigations 
are need to unambiguously assign the observed features. In Ref. H;[ll|, the Bar Ilan group performed 
recombination-rate measurements with atoms in two spin channels and compared their results. They 
observed a tri-atomic Efimov resonance appearing for both spin states at the same value of the scat- 
tering length a_(0). In addition, they found the corresponding recombination minimum at a position 
a+(0), which is in an excellent agreement with universal theory. Combining the Bar Ilan with our re- 
sults, we can conclude that the Efimov resonances are largely insensitive to the entrance spin channel 
Q and to the character of the closed channel underlying the Feshbach resonance used to tune the 
interactions into the resonant regime [l9j . 

The Efimov effect docs not only occur in systems of three identical bosons as we have discussed 
so far, but can be generalized to the case of distinguishable particles. In ultracold gas experiments, 
a system of non-identical atoms can be realized using fermions or bosons in spin-state mixtures or 
heteronuclear mixtures of two or more atomic species. 

An intriguing case is provided by three-component spin mixture in ultracold Fermi gases of 6 Li 
atoms, where the atoms are equally distributed in the three lowest spin channels. A remarkable feature 
of this system is that each of the three relevant spin channels exhibits a broad s-wave Feshbach 
resonance [87j : all three resonances overlap in a wide magnetic field range. This situation provides a 
very general realization of the Efimov scenario where three non-identical particles resonantly interact 
with each other, with all three scattering lengths, corresponding to the three two-body sub-systems, 
being very large. Three groups, one in Heidelber g, o ne at Penn State University, and one in Tokyo 
have used this system to explore Efimov physics [4p|: S [3: [Tot [881 : Ell . Tri-atomic Efimov resonances 
were observed in recombination-rate experiments |42t y; |j| and the binding energies of an Efimov 
trimer state were measured as a function of the scattering length via radio-frequency spectroscopy 
measurements [88l: H^. 

The Efimov problem of distinguishable particles can also be realized with heteronuclear mixtures. 
Remarkably, the universal scaling factor strongly depends on the mass ratio and very dense spectra 
can appear for mass imbalanced systems [8jj|90(. For instance, the scaling factor reduces from 22.7 to 
about 5 passing from a system of three identical bosons to the Yb-Yb-Li system, which has a mass 
imbalance factor of about 28. So far, Efimov states in heteronuclear mixtures were observed only in 
41 K- 87 Rb mixtures by the Florence group Q- They observed two tri-atomic Efimov resonances, one 
connected to the K-Rb-Rb system and the other one to the K-K-Rb combination, that showed very 
different collisional rate values and decay parameter rj- , pointing to the difference in behavior between 
the light-heavy-heavy and the light-light-heavy three-body system. 

Thanks to all these experiments on ultracold gases, the Efimov scenario could be firmly established 
and important steps beyond the three-boson systems were made by investigating universal four-body 
physics. However, the experimental observations also raised questions on how far universal theories can 
be applied to describe real systems and to which extent non-universal and short-range physics affect 
Efimov's original scenario. 



7 Conclusions and outlook 

Efimov's scenario is now well established as the paradigm of universal few-body physics. The exper- 
imental possibilities opened up by ultracold gases with tunable interactions have given an enormous 
boost to research on few-body phenomena. With the recent experiments, the basic phenomenology and 
many key elements of universal few-body physics could be confirmed, but there are still open issues 
awaiting for clarifications. The latter mainly concerns the question in how far real- world systems follow 
the idealized universal behavior or at which point nonuniversal physics takes over. 

In a more general sense, an increasing number of few-body phenomena involving three or more 
resonantly interac ting pa rticles are being discovered in a great variety of different situations and envi- 
ronments; see e.g. [91; 92; 93; 80; 85; 94]. Here, the properties of the particles and their interactions are 
crucial for the particular nature of a few-body phenomenon. The composition of different masses, the 
quantum statistics, the interactions via s- and higher partial waves, possible dipolar interactions, and 
the external trapping environment offer a huge parameter space for a wealth of phenomena to occur. 

An intriguing general question is how few-body phenomena affect the many-body physics of a 
strongly interacting quantum system or, in other words, how one can better understand the properties 
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of a many-body system based on few-body physics. On one hand, we have to understand loss and 
recombination properties in such a system, which in many cases impose limitations to the experiments. 
On the other hand, the few-body approach can give new insights into the many-body physics of 
a strongly interac ting system. In the context of Fermi gases, important examples are given by the 
stability of dimers [95| . the few-body perspective on the BEC-BCS crossover problem (9(| , and the virial 
expansion [97j • Moreover, recent theoretical work has shown that general connections exist between 
few-body interactions and the essential properties of many-body systems [H; [9^| . 

Many additional possibilities result from the control of the external degrees of freedom, offered 
in a unique way by ultracold gases in an optical trapping environment. Optical lattices allow for 
tight confinement in one, two, or three dimensions allowing for the realization of low-dimensional 
systems with highly non-trivial properties. Such lattices also mimic the period environment of a solid- 
state crystal. A new avenue of resea rch is to exploit few-body interactions to introduce higher-order 
correlations into such systems [l00j |. which in a controlled way can lead to many-body phases with 
novel properties. Research along these lines is in an early stage, but may have strong implications for 
many-body physics in optical lattices. 

Forty years after its prediction, Efimov physics stands for a new research field with many intrigu- 
ing opportunities. Few-body phenomena are ubiquitous in strongly interacting particle systems, and 
learning more about the general nature and particular properties will enable us to better understand 
and control the physics of quantum matter under conditions of strong interactions. 
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